Recent experimental data have demonstrated that 76 Ge may be a rare example of a nucleus exhibiting rigid γ-deformation in the low-spin regime. In the present work, the experimental analysis is supported by microscopic calculations using the multi-quasiparticle triaxial projected shell model (TPSM) approach. It is shown that to best describe the data of both yrast and γ-vibrational bands in 76 Ge, a rigid-triaxial deformation parameter γ ≈ 30 • is required. TPSM calculations are discussed in conjunction with the experimental observations and also with the published results from the spherical shell model. The occurrence of a γγ-band in 76 Ge is predicted with the bandhead at an excitation energy of ∼ 2.5 MeV. We have also performed TPSM study for the neighboring Ge-and Se-isotopes and the distinct γ-soft feature in these nuclei is shown to result from configuration mixing of the ground-state with multi-quasiparticle states.
I. INTRODUCTION
Atomic nuclei are among the most fascinating quantum many-body systems that depict a rich variety of shapes and structures [1] . Most of the nuclei are known to have axiallysymmetric, dominantly quadrupole, deformed shape in the ground-state. However, there are also regions in the nuclear periodic table, referred to as transitional regions, where axialsymmetry is broken and a triaxial mean-field description is appropriate to characterize the properties of these nuclei [2] . For nuclei depicting triaxial shapes, there is a long-standing issue whether these nuclei have rigid or soft γ-deformation (see, for example, discussions in Refs. [3] [4] [5] ). Traditionally, there are two extreme phenomenological models that describe the triaxiality: the one with a rigid-γ deformation of Davydov and Flippov (DF) [6] and the γ-soft model of Wilets and Jean [7] . Both models give rise to similar level energies and B(E2) transition strengths for the ground-state bands and, therefore, it is impossible to delineate the two different modes of excitations. In fact, there have been suggestions [8] that the two descriptions are equivalent and intrinsic single-particle wave functions obtained from a triaxially-deformed well are useful in describing low-lying collective states. However, it has been demonstrated [9] that the phase of the odd-even staggering (i.e. the staggering of the odd-and even-spin levels) of the observed γ-bands could shed light on the nature of the triaxial shape with rigid-γ rotation exhibiting an opposite staggering pattern to that of the γ-soft case.
Recently, using the experimental techniques of abovebarrier Coulomb excitation and inelastic scattering, γ-band energies of 76 Ge have been extended considerably [10] . It has been shown that the odd-even staggering of the γ-band is quite opposite to that of all neighboring nuclei and is in conformity with that expected for a rigid-γ deformation [10, 11] . This is one of rare examples of atomic nuclei exhibiting rigid-γ deformation in the low-lying states. The observed yrast-and excited states have been discussed [10] using the DF model and also the spherical shell model (SSM) approaches. In the SSM approach [12] , the pairing plus quadrupole-quadrupole interaction was employed in the {g 9/2 , p 1/2 , p 3/2 , f 5/2 } configuration space, and it has been demonstrated that SSM provides a very good description of the observed data for the low-lying states in 76 Ge.
The purpose of the present work is to investigate the highspin properties of 76 Ge using the multi-quasiparticle (qp) triaxial projected shell model (TPSM) approach [13] [14] [15] [16] [17] . In the SSM analysis, the primary emphasis was on the low-lying states and the present investigation complements the results obtained by the SSM approach. In TPSM, apart from 0-qp, 2-and 4-qp configurations are explicitly included in the basis space. Therefore, in this model it is possible to investigate the high-spin band-structures, which provides important information on the interplay between collective and single-particle excitations, and thus to probe single-particle structures in the neutron-rich mass region. In the present study, we have also performed a detailed study of the neighboring nuclei to investigate the nature of γ-deformation in these nuclei in comparison to 76 Ge.
The manuscript is organized as follows. In the next section, we provide a few details of the TPSM model for completeness and further details can be found in our earlier publications [13] [14] [15] [16] [17] [18] . Section III is completely devoted to the investigation of 76 Ge and in section IV, the results of the neighboring Ge-and Se-isotopes are presented and discussed. Finally, in section V, we provide a summary of the work performed in the present manuscript.
II. OUTLINE OF THE TRIAXIAL PROJECTED SHELL MODEL
In TPSM, triaxially-deformed Nilsson states are employed as a starting basis to describe a nucleus exhibiting axial and triaxial deformations. An explicit three-dimensional angularmomentum projection is then performed for configurations built from the deformed Nilsson states. A triaxial qp con- 35.84 figuration is an admixture of different K (projection along the symmetry axis) states, and the vacuum configuration is composed of K = 0, 2, 4, ... states for an even-even system. It was shown [18] that the angular-momentum projection from the K = 0, 2, and 4 states correspond to the ground, γ-and γγ-bands, respectively. The model has recently been extended [13-17, 19, 20] to include multi-qp configurations in the model space, which allows one to describe states of collective γ-vibrations and qp excitations on an equal footing. For instance, the multi-qp TPSM approach has been used to investigate the interplay between the vibrational and the quasiparticle excitation modes in 166−172 Er [15] . It was demonstrated that a low-lying K = 3 bands observed in these nuclei, the nature of which had remained unresolved, are built on triaxially-deformed 2-qp states. This band is observed to interact with the γ-vibrational band and becomes favored at high angular-momentum for some Er-nuclei. In another study [17] , the long-standing puzzle of the very different E2 decay rates from the same 2-quasineutron K π = 6 + isomers in the N = 104 isotones was investigated. It was shown that the highly K-forbidden transition from the 6 + isomer to the ground-state band is sensitive to the mixing with the 6 + state of the γ-vibrational band.
For even-even systems, the TPSM basis are composed of 0-qp (qp vacuum), 2-proton, 2-neutron, and 4-qp configurations, i.e.,
where P I MK is the three-dimensional angular-momentumprojection operator [21] and |Φ in (1) represents the triaxial qp vacuum state. The qp basis chosen in (1) is adequate to describe high-spin states up to I ∼ 20h for even-even systems. In the present analysis we shall, therefore, restrict our discussion to this spin regime. It is noted that for the case of axial symmetry, the qp vacuum state has K = 0 [22] , whereas in the present case of triaxial deformation, the vacuum state is a superposition of all possible K-values. Rotational bands with the triaxial basis states, Eq. (1), are obtained by specifying different values for the K-quantum number in the angularmomentum projection operator [21] .
As in the earlier projected shell model [22] calculations, we use the pairing plus quadrupole-quadrupole Hamiltonian HereĤ 0 is the spherical single-particle Hamiltonian which contains a proper spin-orbit force described by the Nilsson parameters [23] . The QQ-force strength χ is related to the quadrupole deformation ε as a result of the self-consistent HFB condition and the relation is given by [22] :
where ω τ = ω 0 a τ , withhω 0 = 41.4678A
3 MeV, and the isospin-dependence factor a τ is defined as Table  I , the QQ-force strength χ for all nuclei studied in the present work can then be determined and are shown in Table II . The monopole pairing strength G M (in MeV) is of the standard form
In the present calculation, we take G 1 = 20.82 and G 2 = 13.58, which approximately reproduce the observed odd-even mass difference in the mass region. This choice of G M is appropriate for the single-particle space employed in the model, where three major shells are used for each type of nucleons (N = 3, 4, 5 for both neutrons and protons). The quadrupole pairing strength G Q is assumed to be proportional to G M , and the proportionality constant being fixed as 0.18. These interaction strengths are consistent with those used earlier for the same mass region [24, 25] . have employed ε = 0.20 and ε ′ = 0.16 (see Table I ) in the Nilsson potential to generate the deformed basis for 76 Ge. The value of ε has been adopted from the earlier study [26] and the value of ε ′ has been chosen so that the behavior of the γ band is properly described. We shall discuss later the dependence of the calculation on the triaxial parameter. Pairing is described by performing a BCS calculation for the single-particle states generated by the triaxially-deformed Nilsson potential. In the present work, no particle-number projection is included, and therefore, this quantum number is conserved only on the average at the BCS level. In the second step, the good angularmomentum states are obtained from the deformed basis by employing the three-dimensional angular-momentum projection technique. The projected bands obtained from 0-, 2-, and 4-qp states close to the Fermi surface are displayed in Fig. 1 (the so-called band diagram, see Ref. [22] ). The projection from the 0-qp configuration gives rise to band structures with K = 0, 2, 4, corresponding to the ground-, γ-and γγ-band [18] . The calculated band-head energy of the γ− and γγ-bands are about 1.21 MeV and 3.03 MeV, respectively, above the ground state.
III. RESULTS OF
It is observed from Fig. 1 that the projected bands from 2-quasineutron state having K = 1 and 3 cross the groundstate band at I = 8. These bands are the γ-band built on the 2-quasineutron-aligned configurations. The 2-quasiproton states are at higher excitation energies as compared to the 2-neutron states, and therefore, do not cross the ground-state band. Further, at I = 18, the 4-qp structures (2-quasineutron plus 2-quasiproton) having K = 2 and 4 cross the yrastconfiguration. We stress that in Fig. 1 , only the lowest bands are displayed for clarity. In the actual analysis, we use more than thirty-five configurations in the mixing for each spinstate.
In the third and the final stage, the projected basis are used to diagonalize the shell model Hamiltonian, Eq. (2). The band energies, obtained after diagonalization, are shown in Fig. 2 with the available experimental data. It is evident from the figure that TPSM results are in excellent agreement with the known experimental energies. In Fig. 2 , the excitation spectrum is predicted for the γγ-band, and we hope that this welldeveloped band will be populated in future experimental studies.
In order to understand the nature of the triaxial shape in 76 Ge, the staggering parameter, defined as,
is plotted for the γ-band in Fig. 3(a) . In the same figure we also provide the existing results of the SSM approach [12] . It is evident from the figure that the experimental staggering parameter for the known energy levels is reproduced quite accurately by the TPSM calculations and also by the SSM study.
The TPSM results indicate that above spin I = 10, the staggering amplitudes become smaller, and the reason for this is due to a considerable mixing of the 2-qp configurations with the γ-band at higher spins. In order to probe the mixing, the probabilities of various projected configurations are plotted in Fig . 4 for the yrast, the 1st-, and the 2nd-excited bands. The yrast band up to I = 8 is dominated by the 0-qp configuration with K = 0, and above this spin the 2-neutron-aligned band is the dominant configuration. Above I = 16, the yrast band is primarily composed of 4-qp configurations. The 1st-excited band has the dominant K = 2 0-qp configuration until I = 7 and, therefore, is the γ-band. However, above I = 7, the 1st-excited band has K = 0 dominant component. The 2-nd excited band has dominant K = 4 0-qp configuration, referred to as γγ-band, up to I = 7. Above this spin value, mixed structures are obtained. The K = 2 state from the 0-qp configuration seems to become important along with some 2-qp configurations.
We have also evaluated quadrupole transition probabilities along the yrast band in the framework of TPSM [27] . The standard effective charges (e π = 1.5e and e ν = 0.5e) are used in the calculation for 76 Ge, and later for all other nuclei studied in the present work. Experimentally, data for the lowest two transitions in the yrast band of 76 Ge are available [28] . In the lower panel of Fig. 3 , the B(E2) transition probabilities are plotted as a function of spin. The calculated transitions from the SSM approach [12] are also displayed in the figure for comparison. It is seen from the figure that the TPSM results reproduce the lowest two known transitions quite well while the SSM values [12] are somewhat under-predicted. The calculated transitions using the TPSM approach predict a drop at 
. Experimental values [10] are compared with those calculated by the TPSM, the Davydov and Filippov model (DF), and the spherical shell model (SSM) [12] . I = 8 due to the crossing of the 2-quasineutron-aligned band at this spin value. Above I = 8, the B(E2) transitions are predicted to increase rapidly with spin and then drop again at I = 18 due to the alignment of two more quasiprotons. On the other hand, the SSM-predicted transitions depict an increase for the I = 4 → 2 transition, but above this spin value the SSM transitions show almost a constant behavior. Thus, there appears to be a discrepancy between the TPSM and SSM results for the transition probabilities and it is highly desirable to perform the lifetime measurements for the high-spin states in 76 Ge. As quadrupole transition probabilities measure the collective behavior of a system, a correct description of it usually requires a sufficiently large model space [29] .
In Table III , a comparison is provided for the measured ra- tios of the B(E2) transition strengths with TPSM predictions and also with results obtained using the SSM and DF model approaches [10] . It is noted that both TPSM and SSM provide a reasonable description of the known transitions.
Aligned quasiparticles carry valuable information about the single particle structures in the neutron-rich mass region. To explore the alignment behavior in 76 Ge, angular-momentum is displayed in Fig. 5 as a function of transition energy E γ for the measured data, which is compared with the present TPSM results and the corresponding SSM ones. It is clearly seen that the three curves coincide with each other at low-spins, indicating an excellent agreement of both the calculations with experiment. However, it is noted that after I = 8, the SSM results deviate from the experimental ones for higher E γ . The TPSM results, on the other hand, appear to give a better description of the data, although, it also cannot reproduce the data point at I = 12. For high spin states, TPSM predicts smaller E γ , thus larger moments of inertia for this nucleus. The predicted TPSM behavior can be understood as the results of mixing of multi-qp states at high spins (see Fig. 4 and discussions), which continuously supplies angular momentum to the system as spin increases. There could be several reasons for the discrepancy noted at I=12 in Fig. 5 . We consider the major reason could be due to constant pairing approximation used in the present TPSM approach. The BCS equations are solved for the ground-state and same pairing solution obtained is employed for all the states. This is clearly a crude approximation for high-spin state as it is known that pairing correlations are reduced for these states.
In order to investigate the importance of the triaxiality on the high-spin properties in 76 Ge, the spin-dependence of We would like to add that successful application of the DF model for 76 Ge to describe the observed γ band [10] favors the picture of a rigid-γ deformation for this system. Nevertheless, this model is clearly an over-simplified approach. It has been pointed out [18, 30] that the underlying physical picture of generating γ-vibration in deformed nuclei, suggested in the framework of TPSM, is analogous to the classical picture of Davydov and Filippov [6] , yet TPSM is a fully microscopic method. It is interesting to see that both shell models (SSM and TPSM), though starting from quite different bases (spherically symmetric vs. triaxially deformed) give nearly identical results for the low-lying states of 76 Ge, as seen in Figs. 3 and 5, as well as Table III . Deviations of the results of TPSM from SSM are predicted for high-spin states (Fig. 5) . The extension of measurements to higher spin is highly desirable as this will shed light on the limitations of the SSM and the TPSM approaches. 
IV. RESULTS AND DISCUSSIONS OF THE NEIGHBORING NUCLEI
It has been pointed out in ref. [10] that 76 Ge is a unique example in this mass region that depicts a rigid γ-deformation with the staggering phase of the γ-band in conformity with the DF model. All other nuclei in the neighborhood have staggering phase opposite to that 76 Ge and are categorized as γ-soft nuclei. It is, therefore, quite interesting to study neighboring nuclei, as well, in order to probe the mechanisms behind the opposing staggering phase of 76 Ge in relation to its neighbors. To have a complete overview for the mass region, we have performed extensive calculations for other even-even Ge-isotopes, 70,72,74,78,80 Ge, as well as for some Se-isotopes, 76, 78, 80, 82 Se. For these calculations, the axial deformations ε are taken from Ref. [31] (converted from β to ε by multiplying by 0.95 factor) and the values are listed in Table I . The values for ε ′ , given also in Table I , are chosen in such a way that the observed band head of the γ−band is reproduced. In a few cases where the γ-band has not been observed, the ε ′ of the neighboring nucleus is adopted. The interaction strengths in Eqs. (2) and (4) are kept the same as in the 76 Ge calculation. In Figs. 7 and 8 , the calculated band energies for these nuclei are compared with the available experimental data. The results clearly indicate that TPSM approach also provides a good description for these nuclei apart from 76 Ge. We shall now turn to the discussion of the staggering phase of the nuclei depicted in Figs. 7 and 8 in relation to 76 Ge. First of all we would like to mention that the model space in TPSM is constructed from a triaxially-deformed basis with a given set of deformation parameters (ε, ε ′ ) shown in Table I . There are no explicit phonon or vibrational degrees of freedom in the model. Naively, a model based on a fixed triaxial deformation is of the kind of Davydov and Filippov model [6] . However, the TPSM is a fully microscopic theory, and fixed deformations are only used for construction of basis states. It is important to note that unlike the phenomenological asymmetric rotor model [6] , our results depend not only on the deformation parameters but also on the detailed microscopic isotopedependent shell filling, and more importantly, on the configuration mixing of the various quasiparticle states [18, 30] . We would also like to remind here that in the spherical shell model approach, although, starting from a bare spherical basis, it can equally describe the deformed nuclei as well.
The theoretical results of staggering parameter S(I) (see Eq. (5)) for Ge-and Se-isotopes are plotted in Figures 9 and 10 before and after mixing of configurations. What is plotted in Figs. 9 and 10 are the full TPSM results after mixing, as shown in Figs. 7 and 8 , and those for the projected 0-qp state with K = 2 [labeled in Fig. 1 as (2,0) ] only. The latter represents the major component of the γ band [18] . The comparison is made systematically for the Ge and Se isotopes, and therefore, one may see the effect of isotope-dependent shellfilling.
It is noted from Figs. 9 and 10 that before configuration mixing, the calculated S(I) (in black diamonds) show a rather similar spin-dependent behavior for all the ten nuclei under consideration. In particular, all of them have the same staggering phase in S(I). However, the results turn out to be extremely interesting after a full mixing of quasiparticle configurations shown in Eq. (1). After the configuration mixing, only the staggering phase of the S(I) (in blue squares) for 76 Ge remains unchanged while all other nuclei depict an opposite phase as compared to 76 Ge. We may thus conclude that the staggering pattern of S(I) is determined by the configuration mixing, which is isotope-dependent. A strong mixing of the configurations in the TPSM basis (1) can lead to modifications in the nuclear shape, as shown in Figs. 9 and 10 , from a rigid triaxial rotor to the one that is soft in γ deformation when interpreted in terms of two extreme phenomenological models of γ-rigid of Davydov and Flippov and γ-soft of Wilets and Jean. In order to gain further insight on the above results, we have calculated the staggering parameter S(I) as a function of ε ′ , with the results displayed in Fig. 11 . These results are obtained after the configuration mixing with varying triaxial deformation in the Nilsson Hamiltonian that generate the intrinsic basis. It is seen that for 76 Ge, the experimentally-observed phase of the staggering is reproduced only for a large value of ε ′ . In contrast, for all other isotopes the phase is independent of ε ′ , with 78 Se as an illustrative example in Fig. 11 . We have also calculated the B(E2) values along the yrast band for 70, 72, 74, 78, 80 Ge and 76,78,80,82 Se, and compared them with available experimental data in Figs. 12 and 13. The calculated B(E2)s from the SSM approach [12] are also displayed in the figures for comparison. As is evident from these figures, the TPSM calculations describe the known experimental B(E2) values quite nicely. The SSM calculation [12] for 78, 80 Ge and 78,80,82 Se, although, reproduce well the existing experimental data, however, as in the 76 Ge case, the SSM transitions depict an increase for low spins, but drop significantly at high spins. In particular, above I = 8 the SSM transitions show a completely different behavior as compared to the TPSM calculation which, in general shows an increasing trend toward higher spins. There appears to be a major discrepancy between the TPSM and SSM results for the transition probabilities in high-spin states for all the nuclei studied in the present work.
In Table IV , we present the calculated inter-band B(E2) values that link the γ band to the ground band. An early example of a similar TPSM calculation can be found in Ref. [45] . We give all the possible linking transitions for the low-lying states in 76 Ge, together with those for 78 Se as an illustrative example. It will be quite interesting to compare these values with the results from other models, for instance, the O(6) limit of the Interacting Boson Model [46, 47] .
Finally, in Figs. 14 and 15, experimentally-known angularmomenta are displayed as functions of transition energy E γ for 70,72,74,78,80 Ge and 76,78,80,82 Se, which are compared with the present TPSM results and the corresponding SSM ones [12] . It is clearly seen that both theoretical calculations describe the known data very well. Nevertheless, it is observed, as in the case of 76 Ge, discussed earlier that roughly above I = 8, the TPSM and SSM results deviate from each other for higher spin states. The predicted SSM values show pronounced zigzag pattern in the curves while the TPSM results appear more smoother.
V. SUMMARY
To summarize, the recently reported experimental measurement for 76 Ge [10] suggested that this nucleus may be a rare example of a nucleus exhibiting a rigid γ deformation in its low-lying states. Our microscopic calculations using the multi-quasiparticle triaxial projected shell model support this inference. By studying various physical quantities, it is shown that in order to describe the data accurately for both the yrast and γ-vibrational bands in 76 Ge, a fixed triaxial deformation parameter γ ≈ 30 • is required for the TPSM calculation, which is consistent with that of the DF model [10] . The TPSM results are discussed closely with the experimental observations and also compared with the previous spherical shell model calculations [12] . Furthermore, experimental identifi- [32] [33] [34] [35] [36] for 70−80 Ge for the relation between spin I and transition energy E γ . Results of the spherical shell model (SSM) calculations [12] are also shown for the available nuclei.
cation of the γγ-band, predicted in the present work for this γ-rigid nucleus, would be very interesting.
To further demonstrate that the TPSM model with the same parameters as those of 76 Ge is also applicable to the neighboring nuclei, we have made a systematic investigation for 70, 72, 74, 78, 80 Ge and 76,78,80,82 Se, and discussed the results. It has been demonstrated that configuration mixing of various quasiparticle states can result in a dynamical change for a nucleus from being a γ-rigid like to a γ-soft type when interpreted in terms of the two phenomenological models of γ-rigid of Davydov and Flippov and γ-soft of Wilets and Jean. The odd-even staggering phase of the γ-band is quite opposite in these two models and has been proposed to be an indicator of the nature of the γ-deformation. What we have shown using the microscopic TPSM model is that the configuration mixing [35] [36] [37] [38] for 70−80 Ge for the relation between spin I and transition energy E γ . Results of the spherical shell model (SSM) calculations [12] are also shown for the available nuclei.
can lead to a transition from γ-rigid to γ-soft phases, at least, for nuclei studied in the present work. It remains to be explored whether similar observation is valid for other regions as well. The 76 Ge nucleus belongs to the group of a few candidates where neutrinoless double-β decay may be observed. In this context, we note that the recent beyond-mean-field calculations of nuclear matrix elements for neutrinoless double-β decay, based on the energy density functional method using the Gogny D1S functional, assumed axial symmetry for the 76 Ge shape [48] . As the nuclear matrix elements serve an important link between β -decay observations and the neutrino mass [49] , it remains to be demonstrated what modifications triaxial mean-field deformation will make in the evaluation of the
